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Force-velocity relation for growing biopolymers
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The process of force generation by the growth of biopolymers is simulated via a Langevin-dynamics
approach. The monomer-monomer interaction forces are taken to have simple forms that favor the growth of
straight fibers from solution, and they are taken to grow against a flat obstacle. The force-velocity relation is
obtained from the simulations for two versions of the monomer-monomer force field. We evaluate corrections
to the simplest analytic theory based on thermal motion of the obstacle, which yields an exponential velocity
decay with applied force. For most orientations of the growing fiber tip, the corrections are small. However, for
orientations in which the surface of the growing fiber is parallel to the obstacle, large corrections are obtained
in the direction of reduced fiber velocity. These results are explained on the basis of the diffusion properties of
monomers near the fiber tip. It is also found that the mobility of the obstacle has little effect on the growth rate
over a broad range of possible values.

PACS numbeis): 87.15.Rn, 87.16.Ac, 87.17.J;

I. INTRODUCTION fibers are contributing equally; this is roughly equal to the
basic force unit for fiber growthkT/a, wherek is Boltz-
The growth of biopolymers is a key ingredient in the mann's constantT is temperature, ané=2.7 nm is the
crawling motion and internal transport processes of almosficremental fiber length per added monomer.

all eukaryotic cells. They crawl among each other and over Microtubules, which are thicker fibet22 nm assembled
om tubulin subunits, also exert forces when they grow.

substrates by motion of the cytoplasm into protrusion r9 . ; L
P : . . . icrotubule assembly and disassembly is crucial in intracel-
known as lamellipodia, filopodia, or microspikes according ey . .
lular processes such as mitosis, the formation of cilia and

to the|_r shapes. T_he forces driving the extension of thes‘ﬁagella, and the transport of nutrients across the cell. Recent
protusions are believed to come from the growth of a collec-

.  fib bled f tth . ““measurement$12] on microtubulesin vitro have yielded
tion of fibers assembled from monomers of the protein acting, yjicit force-velocity curves. At zero force, the velocity is

The actin fibers are approximately 7 nm in diameter. With N0t 0.02um/sec; with increasing force, the velocity drops
opposing force, they can grow at velocitighs] of over 1 ¢ roughly exponentially.

um/sec at physiological actin concentratid@s3] of 10-50 Itis clear that growth of the fiber against a force results in
uM; the velocities of the cell protrusions are typical#,5]  a lowering of the system'’s free energy if the opposing force
in the range of 0.1um/sec. Actin fiber growth also can is sufficiently small, since the exothermic contribution from
power the motion of bacteria and viruses through the celthe attachment of monomers at the end of the polymer will
cytoplasm. The velocities usually range from 0.02 to@2  outweigh the work done to move the obstacle against the
sec, but velocities up to 1.am/sec have been observed. As external force. The critical force at which polymerization
they move, they leave behind “comet tails” made up of stops is determined by the balance of these two contribu-
actin fibers[6,7]. Recent experiments have studied the mini-tions. However, it is not yet understood in detail what factors
mal ingredients necessary for such propulsion. For exampleletermine the rate of growth and the maximum force at
Ref.[8] shows that polystyrene beads coated with a catalytievhich a useful speed can be obtained. The basic difficulty of
agent for actin polymerization spontaneously move in celthe polymer’'s growth process is that when the obstacle im-
extracts at velocities of 0.01 to 0.Q&m/sec, forming comet pinges directly on the fiber tip, there is not enough room for
tails similar to those caused by bacteria and viruses. It hag new monomer to move in. Thus the rate of growth must be
also been shown recentl9] that Listeria and Shigellabac-  connected to the fluctuations of either the obstacle or the
teria can move in a medium much simpler than a cell extractfilament tip, which create temporary gaps between the tip
containing in addition to actin monomers only the proteinsand the obstacle. This effect has been treated explicitly in the
Arp2/3 complex, actin depolymerizing factor, and capping“thermal ratchet” model[13]. In this model one assumes
protein. In particular, myosin-type motors are not necessaryhat the obstacle must be a critical distaadeom the tip for

for motion driven by actin polymerization. The minimal in- growth to occur. The fiber is assumed to be rigid. The growth
gredients lead to velocities of 0.01 to 0.@2n/sec; supple- rate is obtained by a solution of a drift-diffusion-type equa-
mentation of this mix with other ingredients including profi- tion. For conditions of slow growth, i.e., in which the time to
lin, a-actinin, and the vasodilator-stimulated phosphoproteiradd a monomer is much longer than the time it takes the
(VASP) protein increases the velocities up to 00f/sec. obstacle to diffuse a distaneg this equation can be solved
To our knowledge, there have been no measurements of thnalytically. The forward growth rate is proportional to the
force-velocity relation for growing actin filaments. However, probability that the obstacle-tip separation exceads de-
recent measurements of the actin fiber den$it9] and  polymerization is sufficiently slow to be ignored, this yields
Young's modulus[11] at the leading edge of lamellipodia the following dependence of the velocityon the opposing
would suggest forces on the order of 1 pN per fiber if allforce F:
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vocexp —Fa/kT), (1) (fo()fo(t))=2ug kTS(t—t"). (4)

wherek is Boltzmann’s constant and is the temperature. ~ The Langevin equations are implemented with a finite
This result is equivalent to application of the principle of time stepAt following the procedure of Ref18]:

detailed balancgl4], on the assumption that the depolymer- . - - -

ization rate is independent of the opposing force. This work ri(t+ At =ri(t) + AtuiFi(t) +9(t) VkTw;, ®
has been extended to flexible fibers at nonperpendicular inénd
cidencd 15,16, and to interacting systems of fibéis7]. For

flexible fibers, it is again found that the velocity is propor- _ 2 e

tional to the probability forming of a gap large enough to Z(tFAD=Z(O+ AtpoFo(D +h(DVKTuo,  (6)
admit the next monomer.

It is the purpose of this paper to evaluate the force
velocity relation for growing fibers using a model more re-
alistic than those used previously. The model used to derive (gX(t)g*(t"))=(gZ(t)g%(t"))=(h(H)h(t")) = 2At 5 .

Eq. (1) does not explicitly treat the diffusion of monomers to (7)

the filament tip, but treats only the diffusive behavior of the

variable describing the distance between the obstacle and tH® implement the last set of correlations, at each time step
tip. It is assumed that once this distance exceetisat the ~We chooseh from a uniform random distribution between
monomers can enter with a fixed probability independent of- vV6At to \6At, andg from a disk of radius/8At.

the tip-obstacle distance. This assumption needs to be evalu- Since all of the monomers, including those in fiber, are
ated by explicit treatment of the diffusion of the monomers.allowed to move in the simulations, this simulation approach
In addition, although the form of Eq1) is confirmed by the treats explicitly both the diffusion effects around the fiber tip
force-velocity relation for microtubuldd 2] the decay rate of and the fluctuations in the shape of the fiber and the position
the velocity with applied force was about twice as large a®f the tip relative to the obstacle.

expected from Eq1). One possible explanation of this, sug-

gested by Mogilner and Ost¢d7], is subsidy effects be- A. Force laws

tween the 13 fibers comprising a microtubule “protofila-
ment.” We intend to investigate the extent to which other
mechanisms can account for such discrepancies.

where g(t) and h(t) are random functions with zero time
“average, satisfying

The obstacle experiences an external force of magnitude
Fex in the —z direction. In the absence of reliable force
fields for the monomer-monomer interactions, we use a
simple model form for the interactions which has a linear
Il. MODEL filament as the lowest-energy structure. This form contains

Our model system contains a fiber of protein monomer%t}gﬂ'sbg?g %npduItgi:/eee:sliodd%;?/fﬁ?%?fﬁ The two-body interac-

growing against a flat rigid obstacle in two dimensions, at an
angle6; relative to the obstacle’s normal vector. We will be V(1)) =V™Pex — kredrij—a)]; (8)
mainly interested in the actin system, but the basic physics of

our results is relevant to any fiber growing against an obithe three-body interaction energy has the form

stacle. Our choice of two dimensions is dictated mainly by

computational practicality: the simulations took over two V3(Fij aFik):Vattexq_Katt(rij_a)]
weeks of CPU time on a Compaq 21264 processor and our
preliminary studies indicate that the three-dimensional simu- Xexd — ka(Fik—a)](a+cosbyj),  (9)

lations take about 30 times longer. The fundamental units of . . . 1
the simulation are the monomers; their internal and rotationa‘fvIth O<a<l. It IS attractive for §;>cos"(~a). The
degrees of freedom are assumed to be included in our effegjonomer-obstacle interactions have only a two-body repul-
tive interaction energies. The motions of the monomers ang've component, and have the form

the obstacle are treated via Langevin dynamics. Zteec- _ \/obst

tion is taken as the growth axis,?/vith tht)a/ obstacle parallel to Wa(2) =Voext — xapslzi — (2= )] (10

the x direction. The coordinates of the monomer centers ofrhe forces are obtained as gradients of these energy terms.
mass are given bf/i , and thez-coordinate of the obstacle is The energies are modified by the subtraction of appropriate
called Z. The Langevin equations for this system areconstants to force the interaction energy to go to zero at a
T, /dt=F,+f,(t) for the monomers angigdZo/dt  Cutoff distancer s (in the case of the three-body terms this

=Fo+ fo(t) for the obstacle, where the’s are mobilites, Means that the energy vanishes if eithgror r, becomes

F denotes deterministic interaction forces, dnand andf greater tha may). . .
are random forces satisfying We use two parameter sets, whose values are given in

Table I. These two parameter sets are chosen mainly to
sample different shapes of the “basin of attraction” for the

addition of a monomer, and by no means exhaustively

sample the range of possible model force fields. The first

(F(Off(t"))=0, (3)  corresponds to a narrow basin of attraction. The large value

of @ means that the three-body terms are positive only for a

and small range of angles. This is partly compensated for by the

(FROBA))=(FO ) =2u; KT d(t—t'), (2
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TABLE |. Parameters used in simulations. Energies are given in
units ofkT, x parameters in units a1, andr 5, in units ofa, the
equilibrium monomer spacing.

Force
field Vrep Var  Vobst Krep Katt  Kobst @ I max

Hard 141.3 6510 19.14 8.267 4.960 4.960 0.940 1.412
Soft 257.5 2151 27.44 7.666 4.600 4.600 0.770 1.522

choice of prefactors to avoid the binding energy becoming
too small. We will call this the “hard” force field. The cor- _,
responding energy contours are shown in Fi@).1The ra-
dius of the basin of attraction, or the region over which the _
force pulls the next monomer into its minimum-energy posi-
tion, is about a tenth the size of a monomer, which would -3
correspond to a few angstroms for actin monomers. Figure
1(b) shows the energy contours for the parameters corre —4
sponding to a wider basin of attraction, which is about half
the size of a monomer. We call this the “soft” force field.
For both of the force fields, the binding energies are very x
large compared t&T, so that monomer subtraction from the
fiber does not occur in the simulations. This is a reasonable
approximation; from the measured on and off constants ir
Ref. [1], the ratio of on to off rates at physiological actin
monomer concentrations would be less than 0.01. We fee
that the “hard” force field is more physically significant
since its persistence length is 2650 monomers, which woulc
correspond to 7.2«m for actin, in comparison with the ex-
perimental valug19] of about 7 um; that for the “soft”
force field is 3.7um.

With regard to the mobilities, the only physically relevant
factor is the ratio of the obstacle mobility to the monomer
mobility, since multiplicative changes in all the mobilities
simply serve to scale up the fiber growth velocities; these
will thus factor out of our velocity results, which are scaled
by 1/ukT. For most of our simulations we use a mobility of
the obstacle equal to that of the monomers for simplicity.
This would correspond to identifying the obstacle with a part
of a fluctuating membrane rather than an entire rigid particle.
We have varied the obstacle mobility in a few cases, with
results to be discussed below.

-5

-7 -6 -5 -4 -3 -2 -1 0 1 2

B. Filament-growth procedure ) ) )
FIG. 1. Energy contours for a monomer approaching a fiber tip

A'typlcal physiological concentration of gct(ﬂO uM) is with hard (a) and soft(b) force fields. Contour heights correspond
low in the sense that the average spacing between actig integer multiples okT, with lighter corresponding to lower en-
monomers is about 60 nm, roughly ten times the monomegrgies. The length units are nm, assuming a monomer step size of
size. This means that the probability that two free monomers.7 nm as for actin.

are near enough to interact with each other is very small. For

this reason we adopt a growth procedure in which only oneveighting is accomplished by choosing a random number for
free monomer at a time interacts with the tip. This is accom-each potential addition point; if this random number is less
plished as follows. We start with a fiber of six monomersthan exp—W,(2)/kT], then this point is rejected and another
pointing in thez direction at their equilibrium spacing. A free one is chosen. A new point is also chosen if the monomer
monomer is then added at a point on a circle of radtus overlaps the fibefi.e., its distance to the fiber is less than
centered on the next attachment dig9] (defined as one r,,). The system is then stepped forward in time according
monomer spacing beyond the monomer at the fibgr e  to the procedure described above, until one of two possible
chooseR=2.5a, which places the added monomer well be-termination events occur:

yond the interaction range of the monomer at the tip. The (1) The monomer diffuses outside of tiecircle. In this
relative probabilities of monomer addition at different pointscase it is restarted on the circle as above. If the obstacle abuts
on the circle are proportional to expW,(2)/kT]. This the fiber, the position of the monomer is constrained to be
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FIG. 2. Typical fiber-obstacle configuration during simulations.
out of the interaction range of the obstacle.
(2) The monomer attaches to the tip. In this case, another . ‘ ‘
monomer is started on thHe circle. 0 20 40 80 80
In this way, the CPU time that is used in the simulation is NUMBER OF TIME STEPS (millions)

focused on the time that the monomers spend close to the tip.
A snapshot of a typical simulation configuration in the per-
pendicular incidence cas#;&0) is shown in Fig. 2.

One can use the computed growth rates to predict growt
rates for low concentrations by multiplying the computed

FIG. 3. Representative plot of the number of monomers in fiber
vs the number of time steps. Obtained Fa/kT=1.5, 6,=0, and
hhe hard force field.

rates by the probability?(c) of finding a monomer inside A. Force-velocity relation
the R circle. We obtain this probability numerically as Figure 4a) shows growth velocity(solid circles vs ap-
plied force for the hard force fielttf. Fig. 1(a)] at perpen-
P(c)= EJ exy — U(F)/kT]d?r, (11) dicular incide_nce. For compa_rison,_a curve pro_portion_al to
CJr<r exp(—Fa/kT) is shown. The simulation results give notice-

ably lower velocities at finite applied forces than the expo-
whereU (r) is the energy(from both fiber and obstadle@s-  nential prediction. The discrepancy is about 65%-afkT
sociated with placing a monomer at the pomtand the =1, and 85% atFa/kT=2.5. The results can be roughly
coordinates are given with respect to the next attachmerfitted to a different exponential curve, of the form
point [21]. Points in the basin of attractidmegativeU) are  exp(—1.7Fa/kT). Thus the growth velocity is much more
excluded from the integral. We plot our force-velocity rela- sensitive to force than the thermal-ratchet model would pre-
tions in terms of the force acting between the obstacle andict. Figure 4b) shows similar results for the soft force field
the fiber tip. This exceeds the external force applied on thécf. Fig. 1(b)], again for perpendicular incidence. The free-
obstacle by an amount corresponding to the viscous drag diber growth velocity is about twice that for the hard force
the obstacle as it moves through the medium. The total forcéeld because the attraction basin is larger. The discrepancies

is thus given a$ =Fqt+v/up. between the simulation results and the analytic theory are
comparable to those seen for the hard force field, but some-
IIl. RESULTS what less pronounced. The discrepancyFat/kT=2.5 is

70%, and the exponential fit curve is exj(.5Fa/kT). The

Our simulations involve ten runs, each of which involvesopen diamonds in Fig.(4) correspond to the results of vary-
the addition of 30 monomers to the fiber tip. This corre-ing the mobility uo; for the leftmost one the mobility is
sponds to a statistical uncertainty qfL/300=6% in the doubled, and for the rightmost one it is reduced by a factor of
growth velocities. Typical results for the fiber length as al10. The effects of these variations are very minor, as pre-
function of time are shown in Fig. 3. Note that there are nodicted by the “thermal-ratchet” modéM3].
backwards steps because the parameters that are used in theFigure 4c) shows results for oblique incidence, usifig
force field result in an exothermic enthalpy for monomer=45° and the hard force field. Because of phase space con-
addition that exceedsT by at least a factor of 20. We use a siderations, we expect these results to be more typical of an
concentration corresponding to one monomer per square @verage growing fiber than those fér=0. The quantity
side 2@; in our model, velocities at other concentrations plotted on the horizontal axis is the vertical force; the com-
would be given by a linear proportionality. ponent projected on the fiber growth direction is smaller by a
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FIG. 4. Growth rategsolid circleg vs the total forceF. (a) Hard force field, perpendicular incidend®) Soft force field, perpendicular
incidence(c) Hard force field, 45° incidence. Rates are given in unita kT c, whereu is the monomer mobility andis the concentration.
Force is given in units o&/kT. The solid line corresponds to exponential depafy Eqg. (1)]. Diamonds in(a) correspond to the mobility
enhanced by a factor of @eft) and reduced by a factor of 1@ight). Dashed curves correspond to the theory of @§).

factor of 14/2. Thus the thermal-ratchet predictiph3] for ~ the observed velocities correspond to a weighted average of
this case isvcexp(—Fa/y/2kT). It is seen that the correc- the bending between long and short fibers. The filament
tions to the exponential dependence are much smaller fdvending is expected to cause the growth rate to increase since
oblique incidence than fof,=0. The largest discrepancies the projection of the applied force on the growth axis be-
are about 30% in the randea/kT=1 to 1.5. The decay rate comes smaller, and also diffusion to the tip becomes less
at the highest force values actually seems to be slower thaiestricted.(We are plotting the monomer addition rate, not
that in the exponential curve. We believe that this is causethe rate of growth in the direction) We have in fact ob-

by two factors. The first is that, as will be discussed belowserved that the growth rates become larger for longer fibers.
there is a non-negligible probability of monomer addition This may be partly due to such bending effects, and partly
even below the critical height for the obstacle. The second iglue to the fluctuations of the fiber tip. The latter may be
bending of the filament as a result of the applied forces. Foestimated in terms of the effective elastic modulus of the
example, aFa/kT=2.5, we find that the tip of the fiber at fiber tip. As defined by Mogilner and Ostgt5], the modu-

the end of the growth processhen it is 36 monomers long  lus is k=4NkT/I3sir? ¢, where\ is the persistence length

is bent about 15° relative to the 45° angle at the base. Thendl is the length of the fiber. The rms vertical fluctuation of
bending is proportional to the square of the fiber length, andhe fiber tip is thenykT/«x. With the persistence length of
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=1.0. The contours are at integer multipleskdt. The easily
accessible paths corresponding to energies lesskiiaare
confined to a narrow band by the presence of the obstacle.
This is expected to slow the diffusion to the tip. Effectively,
the monomers must travel through a tunnel in order to get to
the basin of attraction near the tip. Another possible expla-
nation for the observed effect would be that even in the re-
gion with energy less thakT, there is a finite energy from
the interaction with the obstacle. However, this energy is
proportional to the the length scale of the interaction between
the obstacle and the monomers. In a few cases, we have
made this length scale five times smaller, and the velocities
are unchanged to within a few percent. Therefore, this
monomer-obstacle interaction energy does not seem to be the
major factor, but rather the blocking effects of the obstacle.
In the oblique incidence casef. Fig. 5b)], the obstacle is at
a height of aa(1/y2+0.25) since in the thermal-ratchet
model an elevation of onlg/+2 is required to allow a new
monomer in. Here, one sees that the diffusion paths are fairly
unrestricted, and the corrections should be small as observed.

To make this physical picture more precise, we have cal-
culated the velocities for model fiber configurations in which
the obstacle is held at a fixed distance from the fiber tip. The
results are shown in Figs.(&—6(c) for the hard and soft
force fields, respectively, at perpendicular incidence, and the
hard force field at 45° incidence. The edge of the obstacle is
defined as the point where the monomer-obstacle interaction
energy is equal t&T. Thus whenZ=0, the interaction en-
ergy of the last monomer in the fiber with the obstaclkTs
For perpendicular incidence, the velocityZda=1 is nearly
zero for both force fields; the velocity comes within 20% of
the free-growth velocity only foZ/a>2. For 45° incidence,
the velocity is a quarter of the free-fiber value already at
Zlacos45%=1, and the velocity is appreciable even for val-
ues ofZ less than this critical value. These results are ex-
pected on the basis of the energy contours in Fig. 5.

The appropriate generalization of Ed) is then the fol-
lowing:

v(F)=f:v(Z)P(Z,F)dZ, (12

where F is the force, Z is the obstacle position, and
P(Z,F)=(const)exp{-E/KT) is the probability of a certain
FIG. 5. Energy contours for a monomer approaching a fiber tipvalue of Z. Here the obstacle-fiber interaction energyFis
with a hard force field, in the presence of an obstacle. Contours are-\\/,(z—Z)+ FZ, wherez is the z coordinate of the last
as in Fig. 1.(a) Perpendicular incidencéb) 45° incidence. monomer in the fiber. Equatiofl?) reduces to Eq(1) if

2650 monomers resulting from the hard force field, we findv(z) has the form of a step function beginning aZ &,

) . . ndW, is sufficiently short ranged. The dashed lines in Figs.
that the rms vertical fluctuation exceeds the monomer size ai(a)—4(c) correspond to a numerical evaluation of Ei2)
a fiber length of 17 monomers. P '

For all three cases, the agreement with the simulation results
is quite close, with the largest discrepancies of about 30%
occurring for small but nonzero forces. Thus the gradual rise
We believe that the corrections seen in the perpendiculaef the velocity seen in Figs.(8-6(c), as opposed to an
incidence casfFigs. 4a) and 4b)] result from the restriction abrupt jump, is at the heart of the observed effect for perpen-
of monomer diffusion to the fiber tip by the impinging ob- dicular incidence. We note that for 45° incidence, the non-
stacle. Such restriction will occur even when the obstacle isiegligible velocities in Fig. @) for Z<acos45° will, ac-
elevated by a distanca or more. Figure &) shows energy cording to Eq(12), lead to a reduced decay rate in the force-
contours for a monomer approaching a tip oriented perpervelocity relation. This was indeed seen in Figc)4
dicular to the obstacle, when the obstacle is elevated a dis- As noted above, in the case of 45° incidence, substantial
tance 1.25 relative to its equilibrium position foFa/kT  fluctuations occur in the position of the filament tip, exceed-

B. Interpretation
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(a) (b)

()

0 i 2 s 4 5
Z/a cos (45°)
FIG. 6. Fiber growth rates with fixed tip-fiber spacirig) Hard force field, perpendicular incidend®) Soft force field, perpendicular
incidence.(c) Hard force field 45° incidence is measured relative to the point at which the tip-fiber interaction energy.iRRates are
given in units ofukT/c, whereu is the monomer mobility and is the concentration.

ing one monomer size by the time the filament has reachediastead of three-dimensional simulations, and the choice of
length of 17 monomers. These are naturally included in thead hocforms for the monomer-monomer and monomer-fiber
simulations. However, we feel that the fluctuations are nointeractions. In this section we address the likely errors aris-
the crucial effect in the difference between the perpendiculaing from these simplifications.

and 45° cases. As summarized in E2), the important

factor in determining the velocity is the distributiét(Z,F)

of distances between the monomer and the tip. Regardless of A. Dimensionality

fluctuations, the fiber is still exerting an average forcd-of

) L In order to get an idea of how much the results obtained
on the obstacle, and vice versa. Therefé?€Z,F) will still 9

here would carry over to a three-dimensional calculation, we

dtecelly exponentlallyhvl\ntrz. Onb.:hethotthfhr ht‘f’md’f'f tf:et Ofllj' analyze a simplified diffusion model. The basic idea of this
stacie were so much 1ess mobile that the ime Tor it 10 TUCs, 5| is that the “tunnels” that the monomers must pass

Lﬂ:ﬁetg 3;;31”;;”&2 tt):\iitrllpo(?xactfrzcézgr:h?htérr]:?hfgrn?errm%?gh through, either on the left or the right, to get to the basin of
fluctuations would become the determiﬁing factor %ttract[on, provide a diffusion resistanBne. This resis-

: tance is defined as the ratio of the concentration difference
between the ends of the tunnel and the current flowing
through the tunnel. A key physical parameter is then the ratio
7= Runnel/ Riree» WhereRge¢ is the diffusion resistance asso-

The calculations described above make a number of sinsiated with the motion of monomers from the edge of the
plifying assumptions. The major ones are the use of twosimulation region to the basin of attraction in the absence of

IV. SENSITIVITY OF RESULTS TO SIMPLIFICATIONS
OF THE MODEL
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these values gives an estimate of 2.5 8P, which in the
simplest analysis would correspond to an increase in the dif-
fusion resistance by a factor of 3.5, commensurate with the
observed velocity reductions at high forces. At oblique inci-
dence, Fig. B) would suggest a much larger value lof
leading to a much smaller value of°®, again consistent
with the simulation results.

The ratio of the strength of the effect in three dimensions
to that in two dimensions is then given by

3P ?P=2aln(L/a+1)In(b/a)/wL(1—a/b). (15

Using the above values of the model parameters, we obtain
an estimate of 0.98 for®®/ %P at perpendicular incidence,
indicating that the dimensionality effects are not too strong.
This result is more sensitive to the value Ibfthan toa.
Halving or doublingL changess®P/%?P to 1.24 and 0.72,
FIG. 7. Schematic rendering of the diffusion model. respectively. Increasing or reducirgyby a factor of two
changesn®P/ %P only very little, to 0.99 and 0.88, respec-
the obstacle. Ify is large, then the effects of the obstacle ontively. In any case, for a large variation of parameter values,
the rate of diffusion of monomers to the fiber tip will be the magnitude of the effect in three dimensions is quite com-

~——

correspondingly large. parable to that in two dimensions.
To evaluateR,,ne in two dimensions, we model the tun-
nels as shown in Fig. 7. Each is a sttghaded in the figuje B. Monomer-monomer interactions

of heighth and lengthL, leading to the basin of attraction, P . . .

which has width 2. The heighth corresponds to the width . The greatest S|mpl|f|cat|on made In our interaction model

of the path available for monomer diffusion to the tip, when'S that the f"a”‘_e”F is treated as a straight line of monomers,
the tip elevation exceeds the minimum valueadfy a small yvher_eas in actln_fllaments_the monomers attach on alternat-
amount 6z. Roughly speakingsz would correspond td. Ing S|d_es of the fiber, and in mprotgbules they are arranged
One readily shows that in this geometiy, o~ L/2Dh, in a spiral. This precludes.quantltatlye comparison with data
whereD is the diffusion constantiNote that the factor of for 'these systems. A.s.pomted out in Sec. Ill, however, the
two in the denominator comes from the fact that there ard"a" _feature _deterr_mnmg the strength OT the eﬁeCts found

two tunnels supplying currents in paralleln three dimen- ere is the orientation of the top of the fiber relative to the

sions, we use a torus geometry for the tunnel, with helight ?Ianz ﬁf the _i)lbsta_cle. Ttth tthetzhcorr(ictut)l:ht?rn;s _thattr?re
outer radiusL +a, and inner radiug. In this case one ob- 'ound Nere will beé important 1o the extent that, during the

tainsR.... —In(L/at1)/27Dh. To evaluateR... we mode|  Process of fiber growth, qoqfigurations are encountered_in
the batsuinr?ei)_f a(ttractio)n as a disk in two d{rr;eensions and éNh'Ch the top of the fiber up s parallel to the _obs_tacle. This
sphere in three dimensions, the radius in each case laeing Could occur, f_or exa_mp_le, in the growth of actin fibers away
The source of current is a circular or spherical boundary wit rom perpendicular incidence, at angles where the plane de-

adusb. For those cases, sandard cacualfgs] gue LY B 1 b Tonomers S0 b e pari o e
Riee=IN(b/@)/27D in two dimensions and Rje.=(1 ; b P

—alb)/4waD in three dimensions. We thus obtain drapes” itself over the face of the fiber even if this face is
not parallel to the average orientation of the obstacle. How-

7%P=wL/hIn(b/a) (13)  ever, membranes will usually be too stiff for this effect to be
important. Typical value$23] for the bending modulic of
and lipid bilayers are on the order of 1¢° J. The radius of
curvatureR for bending induced by a filament exerting a
7°P=2aln(L/a+1)/h(1—a/b). (14)  forceF on a membrane would be roughtyF. Using typical

forces of 102N or less generated by the growth of biologi-
These parameters roughly describe the reduction of the vesal filaments, we obtaiR= 100 nm, considerably larger than
locity by the restricted-diffusion effects near the fiber tip. Wethe size of a monomer. Over the cross section of a monomer,
do not have precise estimates of them, but we can vergnly very small effects of membrane bending would then be
roughly estimate them on the basis of the energy contours. labserved.
the perpendicular-incidence case, Figa)5vould suggest a The aspect of the monomer-monomer field that affects the
value of 1 nm foIL as the distance over which the tunnel sizeresults most strongly is the potential-energy surface for a
is constant, and a value of 0.5 nm fbras the separation monomer approaching the tip, as seen for example in Figs. 1
between the tip and the first energy contour. The paranheterand 5. The precise form of this surface chosen here is of
has the value 6.75 nm used in the simulations. A value of 0.5oursead hoc Nevertheless, the general form of the varia-
nm for a is obtained by fittingR;ee to our simulation veloci-  tion of the energy surface is likely correct. A monomer re-
ties in the absence of the obstacle, and is also consistent wiliding in its preferred position at the tip of the fiber will have
the size of the white attraction region in Figab Using  a substantial barrier to sideways motion, as indicated by the
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long persistence lengths of actin filaments and microtubulebstacle relative to its equilibrium positiar, for a given
Extending the effective elastic modulus defined by Mogilnerforce F, as well as the energy required to bring a monomer
and Ostef(15] to define a spring constant for the sidewaysup to the obstacle. One readily shows that for a displacement
motion of a single monomer, the basis of these persistencar small in comparison withx -, the energy change is
lengthsl, one obtainsc¢=4lkgT/a%, wherea is the mono-  AE(Ar)=1/2F kypsAr?, so that the energy change of lifting
mer size. For actin fibers, using a value of Tor the per-  the obstacle to a heiglat becomes

sistence length19], anda=2.7 nm, one finds that, ;x>

=kgT for 8x=0.05 nm. This corresponds to a very rapid AB(2)=Falxonsa/2). (16)
variation of the energy in the vicinity of the minimum, as we

o.btain here._The mgjor feature of the force_field en_terin_g.thq:or a slowly varying force fields 2 <1, S0 that the energy
simulations is the width of the “funnel” leading to this mini-  required to raise the obstacle is greatly reduced. However,
mum. We are not able to establish this width precisely. Howhecause of the long range of the interaction, an energy is
ever, we feel that a value much greater than 3.5 nm, theequired to bring the monomer up to the obstacle. This is
value for the soft force field obtained visually from Figbl,  given approximately by/ s, Which could exceedra by
is unrealistic. Comparing the observed fiber growth rate ot substantial amount. The net effect of these two contribu-
100 monomers/sec at a monomer concentration ojullD tions is a more rapid decay of the force-velocity relation, and
and a diffusion constant of (36)x 10 *? for actin mono-  possibly corrections greater than those obtained here.
mers in the cell cytoplasmi24], one obtains, according to Another important physical effect that is missing from the
diffusion-limited reaction-rate theorj25], a classical reac- present simulations is the flexibility of the obstacle as is
tion radius of about 0.3 nm. We feel that this precludes aresent in, for example, membranes. This flexibility has two
basin of attraction size exceeding this by more than an ordgnain effects: it results in lateral fluctuations so that at a given
of magnitude. In sum, we believe that the most physicallytime, the obstacle is not flat, and it can cause the membrane
reasonable range of possibilities for the shape of thdo “drape” itself around the fiber at high forces. We see no
potential-energy profile near the fiber tip is spanned by thestraightforward way of establishing the importance of the
present calculations. lateral membrane fluctuations in the present calculations.
It is possible for long-ranged electrostatic interactions beHowever, in view of the large values of the bending rigidity
tween the monomers and the tip to be present, and these aaiuded to above, in comparison witil, we believe that
excluded from the present model. Such interactions wouldhese fluctuations are not a major factor. As mentioned
induce a slowly varying potential field around the fiber tip. above, the “draping” effect is likely very small for biologi-
The main effect of such a potential field would be to increasecal filament growth. It is, however, very possilji26] that
or decrease the local density of monomers. This would affecthe fibers are attached to the membrane rather than floating
the absolute velocities of the growth velocity, but would notfreely relative to it. Evaluating the importance of such effects
change the ratio of the velocity at a finite force to that at zerovould require a plausible model for the attachment mecha-
force. nism, and these mechanisms are poorly understood at
present.

C. Monomer-obstacle interactions

The key parameter ir_1 the interaction between t_he mono- V. CONCLUSIONS
mers and the obstacle is the length range of the interaction
potential. The magnitude of the prefactor in front of the ex- The above results indicate that over most of the “phase”
ponential will not affect the results, since the position of thespace of fibers growing against membranes, the exponential
sheet will adjust itself to achieve a position where the forceform (1) for the force velocity relation is accurate to within
from the monomers on the obstacle cancels the applied forc80%. However, in cases where diffusion to the basin of at-
and the energy at this point is determined entirely by theraction is limited either because the monomer faces are par-
applied force and the length scale of the interaction potentiakllel to the obstacle, one should expect substantial correc-
In the direction of “harder” interaction potentials the results tions to the simple exponential fornil). This could
do not seem to be sensitive to the length scale of the inteppotentially explain some of some of the discrepancies
actions. As mentioned above, reducing this length scale by pointed out in connection with the measured force-velocity
factor of five changed the simulation velocity by only a few relation of Ref[12]. However, our knowledge of the geom-
percent. The effects of potential long-ranged contributions teetry at the point where the fiber interacts with the obstacle is
the monomer-obstacle interactions depend on the sign afot precise enough to establish the importance of the
these contributions. If they are attractive, they will changediffusion-rate effects and whether they exceed the subsidy
the local monomer concentration and thus the absolute magffects discussed in Ref17].
nitude of the velocity, but will not change the form of the  These conclusions should be useful in explaining the ba-
dependence of the velocity on applied force since the energsic physics of motion based on actin polymerization. For

changes from displacements on the ordea@fill be domi-  actin fibers pushing a membrane at perpendicular incidence,
nated by the hard repulsive component of the interactiorthe face of the growing fiber is not parallel to the membrane,
potential. since the monomers alternately attach to different sides of

However, if long-ranged repulsive interactions arethe fiber. At any given time, the face of the fiber then forms
present, the scenario can become quite different. These intean angle of about 45° to the plane of the membrane, indicat-
actions will determine the energy required to displace theng that the results in Fig.(4) should be the most relevant.
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Thus the exponential behavior should be correct. The corredetween the two. A better knowledge of the relationship be-
tions could potentially be important in a narrow range oftween the force and the monomer addition rate can help pin
orientations in which the face of the fib@uring half of the  down the validity of the assumptions underlying such simu-
stepg is parallel to the membrane. If the fiber grows at anlations. To the extent that the restricted-diffusion effects are
angle of 45°, the orientation of the fiber surface will alternatejmportant, they should have noticeable effects on the struc-
between 0° and 90° relative to the membrane. One coulgyre of membranes that are being pushed forward by collec-
then expect substantial slowing in the steps which corretions of actin fibers. As a result of random fluctuations, some
spond to 0°. In these cases, the fiber itself will also be flucfibers will eventually get ahead of others, and these will be
tuating, but as argued above this will not have a large effecéxerting larger forces on the membrane. If the velocity drops
on the velocity unless the obstacle is very immobile. off rapidly with the force, then these fibers will be slowed
Having more confidence in the force-velocity relation down significantly. This will result in the membrane surface
should enhance the reliability of actin-growth simulationspeing smoother than otherwise expected. Future work should

performed with coarser models. Such simulations can treat feat such many-fiber effects, and also explore the effects of
large number of actin fibers impinging on a membrane, ofiber growth angle and branching.

even the whole assembly impinging on an intracellular

pathogen. For example, in a recent study van Oudenaarden
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